We present a random matrix theory (RMT) for the staggered lattice QCD Dirac operator. The staggered RMT is equivalent to the zero-momentum limit of the staggered chiral Lagrangian and includes all taste breaking terms at their leading order. This is an extension of previous work which only included some of the taste breaking terms. We will also present some results for the taste breaking contributions to the partition function and the Dirac eigenvalues.
I. INTRODUCTION
Staggered fermions are one of the commonly used ways to simulate quarks on a lattice due to their relatively low computational expense. However they are considerably more difficult to deal with theoretically due to the presence of extra modes. A single staggered Dirac matrix yields four flavors of quarks in the continuum limit due to the fermion doubling problem. These flavors are mixed at finite lattice spacing and are conventionally referred to as "tastes" to distinguish them from regular quark flavors. The breaking of the SU(4) taste symmetry can be reduced by using improved actions, but the taste breaking (TB) is still observed in current simulations and must be accounted for when extracting results.
The form of the taste breaking has been worked out as corrections to the chiral Lagrangian by Lee and Sharpe [1] , with extension to multiple flavors by Aubin and Bernard [2] . The staggered chiral Lagrangian includes all terms of O(a 2 ) (a is the lattice spacing) that are consistent with the symmetries of staggered fermions.
Here we will construct a complete random matrix theory for the staggered Dirac matrix that incorporates all terms of O(a 2 ). This is an extension of the work in [3] where only the case of zero topological charge was considered, and not all of the terms found in the chiral Lagrangian could be reproduced in the RMT. This RMT can be directly related to the staggered chiral Lagrangian in the zero momentum limit. We then expect to be able to use this model to study the effects of TB on low energy quantities such as the partition function, chiral condensate, and Dirac eigenvalues. Additionally, since the standard method to deal with the extra quark modes is by taking the fourth root (or square root) of the fermion determinant, we expect to be able to study the interactions of the TB with the "rooting" procedure. In this work we will study the properties of the RMT itself and save the comparisons to direct simulations of lattice QCD for later. where U µ x is a set of SU(N c ) matrices representing the gauge field and η xµ = (−1) ν<µ xν . Here, for convenience, we will only consider the case of N c = 3. The RMT given below will also apply for N c ≥ 3, however for N c = 2 the low eigenmodes are known to be in a different universality class, described by the Gaussian Symplectic Ensemble [4] . One should be able to extend this model to include N c = 2 in a similar fashion, but we will not pursue that here.
The massless staggered fermion matrix is antiHermitian and thus has purely imaginary eigenvalues. It also possesses a particular form of chiral symmetry which causes the eigenvalues to come in positive and negative pairs: ±iλ. It is well known that the above action contains doubler modes so that a single staggered fermion matrix actually describes four flavors of fermions in the continuum limit. An explicit identification of the continuum fermions was given by Kluberg-Stern, et al. [5] . This was done by transforming the 3 color degrees of freedom on the 16 sites of each 2 4 hypercube into a basis of four Dirac fermions (12 components each) on a lattice of half the size in each direction. This transformation is not unique. In their basis the expansion of the staggered fermion operator starts as
The notation (S ⊗ T ) is used to denote the outer product of a 4 × 4 spin matrix S and a 4 × 4 taste matrix T with ξ µ = γ * µ , ξ µ5 = ξ µ ξ 5 , and I 4 is a 4 × 4 identity matrix. The first part is just the standard Dirac operator for four identical flavors with mass m. The remaining term is suppressed by a factor of the lattice spacing and breaks the SU(4) taste symmetry. There is also a term of O(ag), and the remaining corrections are at least O(a 2 ).
In the full theory one usually describes the low energy behavior in terms of an effective chiral Lagrangian. For staggered fermions this has been worked out to order a 2 and is given by [1, 2] 
where F and Σ 0 are the low energy constants related to the pion decay constant (with the convention that the physical value for F ≈ 131 MeV) and the (absolute value of the) chiral condensate respectively. Here and everywhere below, X will stand for the trace of X. There is also a mass term for the taste singlet pion (analogue of the η ′ ) that we have dropped. The taste breaking terms can be divided into two parts V = V 1t + V 2t . The first part contains the single-trace terms
and the second part has the two-trace terms
Note that in the original Lee-Sharpe Lagrangian, the twotrace terms were Fierz transformed into one-trace terms of the form
This is valid in the one flavor case, but not when extending to multiple flavors [2] . We will see below that the staggered RMT naturally leads to the two-trace form.
III. CHIRAL RANDOM MATRIX THEORY
The standard partially quenched chiral random matrix theory can be written as
where W is a (N + ν) × N complex matrix with ν the absolute value of the topological charge and the Dirac operator is represented by [6] 
It has been shown that the partition function is universal for a large class of weights [7, 8] , but for convenience here we take the simplest form of a Gaussian,
with √ α = Σ 0 V /2N (V is the four volume). This model is the chiral extension of the Gaussian Unitary Ensemble (GUE). For a review of chiral random matrix models, see [9] and its references.
By now it is well established that the chiral RMT (including all spectral properties) is equivalent to the zero-momentum sector of the chiral effective theory [10] [11] [12] . The equivalence is established through the partially quenched partition functionŝ
HereẐ
RMT is the RMT partition function in the microscopic limit, defined by taking the limit N, V → ∞ while keepingm = mV Σ 0 fixed. The chiral effective theory at zero momentum (also called the ǫ-regime [13] ) contains just a mass term
The above expression is a supersymmetric generalization of the usual fermionic chiral Lagrangian so the determinant and trace must be taken to their supersymmetric equivalents, and the integration is now over a supersymmetric manifold that is compact in the fermionic sector but noncompact in the bosonic sector [11] . Since the TB terms contain no derivatives, they will also contribute to the zero-momentum partition function by multiplying the integrand by the extra factor exp(−a 2 V V). Below we will establish the equivalence between the partition functions including TB only for the simpler fermionic case. In principle, it is necessary to show this for the partially quenched partition functions as well, in order to establish an equivalence of valence quantities including the Dirac eigenvalues. For now we will assume that this equivalence holds and that it could be obtained from an extension of the proof for the partition functions without TB.
IV. STAGGERED CHIRAL RANDOM MATRIX THEORY
To extend the RMT to include taste breaking, we add a term proportional to a to a taste diagonal Dirac matrix The Gaussian weight is given by exp(−ST ). The first two types of taste breaking terms are similar to the ones appearing in [3] . The last terms are new and will generate the two-trace terms.
where T incorporates the taste breaking terms considered below.
In [3] we considered only the case of ν = 0; furthermore, the additional terms could only reproduce the single-trace terms. Here we will consider the extension to ν = 0 and will also include the two-trace terms. Similar work has been done for the Wilson Dirac operator [14, 15] .
We start with the dominant term which is typically found to be the C 4 term [1] . For arbitrary ν we can write it as
where A µ and B µ are Hermitian matrices of size (N + ν) × (N + ν) and N × N , respectively. Note that this also has a chiral and taste structure similar to the leading taste breaking term in the expansion in (3). If we choose a Gaussian weight function for these matrices of the form
then one can show that the chiral Lagrangian will get a correction term (see Appendix A for details),
Upon equating this to the C 4 term in the effective Lagrangian [and noting that there is a ξ 5µ in (5)], we get β = αN/2V C 4 . Note that we require that β > 0 for convergence of the integrals. We could have obtained the opposite sign in (16) if we multiplied (14) by i; however, this would make that term Hermitian. Thus the sign of C 4 is determined by the need to have an anti-Hermitian Dirac operator in (14) . We will discuss this issue more in the context of the two-trace terms. The C 3 term can be handled in a manner similar to C 4 . The C 1 and C 6 terms can be obtained from matrices of the form
where X is a (N +ν)×N complex matrix. The correction to the chiral Lagrangian for this term is given in Table I . It was pointed out in [3] that the terms in (7) could be obtained from a RMT using terms similar to the ones above, but the corresponding RMT would contain Hermitian pieces, instead of being strictly anti-Hermitian as is the case of the staggered Dirac matrix. By writing those terms in the two-trace form (6), one can now find a way to add them to the RMT while preserving the anti-Hermiticity.
To do this we need to make linear combinations of the terms. For example, we can write the C 2V and C 5V terms as
We can then linearize each of these terms using a Hubbard-Stratonovich transformation, such as
where σ is a single real variable and
This term now takes the form of a mass term that mixes the tastes (with a mass matrix ξ µ |C
term likewise gives a γ 5 mass term. The mappings for these terms from the RMT to the chiral Lagrangian are given in the last two rows of Table I .
Note again that we now must have C ± V < 0 in order for this term to be anti-Hermitian. The same condition holds for C The inclusion of the two-trace terms in their current form may seem a bit ad hoc since they aren't full matrices like the other terms, but we can rewrite them in a way that seems more natural. As an example, we consider a RMT with taste breaking terms of the form
(A, B are Hermitian matrices and b, c are real scalars) with weight
If we make the substitution A ′ = A+b+c, B ′ = B +b−c, then b and c no longer appear as part of the matrix, but appear only in the weight. We can then integrate them out to obtain a new weight function,
In this way, we see that the two-trace terms in the chiral Lagrangian are generated by two-trace terms in the RMT potential. One could then consider adding other terms such as higher powers of the matrices in the potential to reproduce higher order terms in the chiral Lagrangian, though we will not pursue that here.
All the terms of the full staggered RMT (SRMT) are written out in Appendix B. Now that we have the full form of the SRMT, we can examine its structure more closely. For this, it is convenient to switch to a basis where the remnant of chiral symmetry for staggered fermions (2) is transformed according to
There are several possible choices of basis, all of which give a staggered RMT Dirac operator (at m = 0) of the form
where R is a (4N + 2ν) × (4N + 2ν) matrix. Arbitrarily picking one basis gives an R of the form (using the terms from Appendix B)
with σ µ = (1, −i σ * ) and
Note that since R is a square matrix, in general for nonzero lattice spacing there are no exact zero eigenvalues of the RMT. This agrees with the well-known properties of the lattice theory. Also, one can imagine that if the taste breaking terms are large enough, then the detailed structure of R may not matter, and the low eigenvalues are described well by a standard chiral RMT at ν = 0, in agreement with numerical studies [17] [18] [19] [20] . Below we will take the limit of large taste breaking and show that this is indeed the case.
V. SCALES
For standard staggered chiral perturbation theory (in the p-regime) the size of the taste breaking can be measured by the parameter [16] 
where a 2∆ is a "typical" taste breaking term. Taking this to be the average pion splitting gives
where the ∆ X parametrize the mass shift of the pions above the Goldstone pion (the taste pseudoscalar)
This scale determines the convergence of the taste breaking parts in the perturbative expansion. For the zero-momentum chiral Lagrangian (ǫ-regime) considered here, the relevant parameter is
whereC is another measure of the strength of the taste breaking, which we will take to bē
We have ignored the contributions from two-trace terms in this definition for simplicity, though one could include them if needed. If the scale in (30) is small, then one can calculate quantities from a perturbative expansion of the zero-momentum effective theory (starting from either the SRMT or the chiral Lagrangian) in the taste breaking. In this case we expect the low eigenvalues to be nearly fourfold degenerate and form clear "quartets." This has been seen in lattice simulations with improved actions [21] [22] [23] .
In the opposite limit, χ (ǫ) a 2 ≫ 1, the approximate fourfold degeneracy is strongly broken, and the low eigenvalue spectrum will resemble that of a single flavor due to the remaining unbroken U (1) Goldstone symmetry of staggered fermions. We will refer to this limit as strong taste breaking, and the opposite limit as weak taste breaking, independent of the value of χ (p)
In typical lattice simulations, the volume is chosen such that the lightest dynamical mass stays in the p-regime, given by the condition m π L ≫ 1 (m π L ≈ 4 is the usual rule of thumb). In such simulations the smallest eigenvalues are still typically described by ǫ-regime calculations since they can be related to observables with valence quark masses equal to the eigenvalues. The scale below which eigenvalues can be described by the zeromomentum Lagrangian (known as the Thouless energy) in QCD is given by [24, 25] 
[up to a constant factor of O (1)]. It is possible for eigenvalues below this scale to be in the strong TB regime (χ (ǫ) a 2 ≫ 1), while observables at higher scales, e.g. around the dynamical quark mass, exhibit weak TB (χ (p) a 2 ≪ 1). The taste breaking scales are related by
using the physical value for F in the last part. For lattice simulations with large volumes (V > 0.5 fm 4 ) the ǫ-regime observables will exhibit stronger taste breaking than the p-regime observables. This is the typical case for simulations where the dynamical quark masses are kept in the p-regime. For small volumes (V < 0.5 fm 4 ) the relationship is reversed. However, in this case one might find that the dynamical mass is also in the ǫ-regime so that the parametrization of Eq. (27) does not apply. Below we will examine the properties of the SRMT in both the weak and strong TB limits and explore the transition region between the two.
VI. WEAK TASTE BREAKING

A. Partition function
Since one copy of the staggered Dirac matrix actually produces four tastes, it is common in simulations to take a fractional power of the quark determinant to produce the desired number of flavors in the continuum limit. We now consider the SRMT partition function with optional "rooting" given by
where the integration measure is over all the Gaussian weights and the powers n k can be either positive or negative to produce a partially quenched theory. If we expand a determinant to order a 2 , we get
with
and we have used the fact that
The last term in braces is the correction term for the partition function due to the TB. One can easily perform the Gaussian integrations over the taste breaking terms in the RMT to obtain the correction factor (38) with the dimensionless coefficients
Note that this expression can diverge as m k → 0 if νn k = 1. In general, this expression is not valid at very small masses since S k can grow large, though for large enough masses it should be a good approximation. One could produce an alternate expression that is valid even at m k = 0 using eigenvalue perturbation theory. Its construction will be outlined below. The correction factor can be further simplified using the identities
One still needs to integrate over the random matrix in D 0 ; however, all quantities can be calculated from known results for the partially quenched partition functions. If we write the partition function without taste breaking in (37) as Z Nq ({m}, {n}), then the terms with a single trace can be readily evaluated as derivatives of the partition function without taste breaking using the substitutions
where |D| is short for the product of determinants in (37) . This leaves only the two-trace term to be evaluated. This requires adding an extra quenched pair of quark species to evaluate the extra trace,
It is straightforward, though somewhat tedious, to evaluate these expressions in the microscopic limit. As an example, the one flavor partition function in the microscopic limit is given bŷ
while the partially quenched N f = 2, N b = 1 partition function can easily be written as a determinant of Bessel functions [26, 27] ,
From these expressions we get that
where s 1 is the complicated expression
due to the two-trace term. From this, an expression for the quark mass dependence of the chiral condensate in the microscopic limit can be obtained bŷ
One can obtain expressions for any number of flavors through a similar procedure. These formulas would apply to lattice simulations performed in the ǫ-regime, where m π L ≪ 1. For lattice simulations where this doesn't apply, one can instead consider observables as a function of a valence quark mass that is in the ǫ-regime. This will be explored next with the quenched condensate.
B. Quenched condensate
One of the simplest valence observables one can look at is the quenched condensate. This can still be useful for comparisons with simulations of full QCD in the case that the valence quark mass is much smaller than the dynamical masses, so that the heavier masses will simply appear quenched compared to the light valence quark.
The calculation simplifies considerably if we don't try to calculate the corrections to the quenched partition function first, but instead directly calculate the corrections to the quenched condensate from the definition
Applying this to (37) gives
where Z x = ∂ xẐ11 (x, y)| y=x and similarly for higher derivatives. Using the expression for the microscopic continuum partition function with N f = N b = 1,
we can now evaluate the derivatives. The result without taste breaking (Z x ) is [28] 
If we write the final expression with TB as Z x + k t k z k , then we have
Note that the single-trace TB terms enter only through the combination t 1 + t 2 ∝ C 3 + C 4 , so that C 1 and C 6 don't contribute while C 3 and C 4 only contribute for ν = 0. We will see in numerical simulations below that the quenched condensate is indeed fairly insensitive to small values of C 4 for ν = 0. The (partially) quenched condensate can also be used to calculate the eigenvalue density by inverting the Banks-Casher relation [29] 
The eigenvalue density is obtained from [10] ρ(λ) = lim
Care must be taken when evaluating Σ(−iλ−ǫ) to use the correct formula for arguments with negative real parts. We can avoid this by making use of the fact that the condensate is an odd function of m (since ρ is even) to get
Applying this to the quenched condensate in the microscopic limit gives the microscopic quenched eigenvalue density. The density without taste breaking is [30] and the correction term due to taste breaking is
Note that the t 1 and t 2 terms don't contribute at this level. This expansion will also break down close to zero, similar to the condensate. Expressions that are valid near zero can be obtained from eigenvalue perturbation theory as discussed in the next section.
C. Eigenvalues
The full staggered RMT is fairly complicated to work with; however, we can obtain relatively simple expressions for the effects of taste breaking on the splitting of the eigenvalues from eigenvalue perturbation theory. Since the spectrum without taste breaking contains degeneracies, we must take these into account. If Ψ k is a set of degenerate eigenvectors for the eigenvalue iλ k ,
then the eigenvalues including the leading order perturbation are given by the eigenvalues of the matrix
For simplicity, we first perform a unitary similarity transformation on D 0 to put it in the form
with Λ a positive diagonal matrix of the nonzero singular values of W . The upper left block of zeros is of size ν × ν, representing the zero modes, while the other two blocks along the diagonal are of size N × N . The above transformation can be absorbed into the taste breaking terms without changing their form, and we will not explicitly write it anymore. The nonzero eigenvalues of D 0 written as λ k above are simply plus or minus the diagonal elements of Λ. In this basis the eigenvectors take the form
We first examine the sector of the 4ν zero modes for which we define k = 0. The matrix E 0 is just a projection onto the upper left ν × ν block for all tastes of the taste breaking term. This gives the form
with implied summation over µ. The A's are ν × ν Hermitian matrices and the b's and c's are real scalars (as given in Appendix B). The terms are labeled according to their origin in the full SRMT and have the same Gaussian weights as the corresponding terms in the full SRMT. Here we see that only the pseudoscalar and tensor terms don't affect the splittings of the zero modes. Also, if we ignore the scalars and were to set C 3 = C 4 , then the would-be zero modes are described by a chiral RMT, for which the eigenvalues are readily found. However, typically we have that C 4 ≫ C 3 so that, to a good approximation, we can set C 3 = 0, which will give a different distribution for the eigenvalues.
We now examine the splitting within a degenerate quartet of eigenvalues. Here the 4 × 4 splitting matrix, terms came from matrices in the original SRMT, they are different for each quartet. However, the b A,V terms came from scalars in the SRMT, so these variables are in fact the same in all quartets, and also in the zero mode sector. It is these terms that produce the leading order eigenvalue correlations between the different quartets and also allow the splittings within each quartet to be sensitive to the topological charge in the weak TB regime. Interestingly these are the terms in staggered chiral perturbation theory which don't contribute at one loop.
In Sec. VI A we gave an expression for the partition function that could become singular as m → 0. Using the eigenvalues from perturbation theory we can derive a similar expression that treats the zero modes exactly. Since the O(a) correction to the quark determinant vanishes, we need to go to second order in eigenvalue perturbation theory. The expression for the eigenvalues in second order degenerate eigenvalue perturbation theory is
We can obtain an expression for the quark determinant (and hence the partition function) which is accurate to order a 2 by multiplying the determinants of the E k . If the determinants for each quartet were expanded in a, we would obtain an expression for the partition function identical to (37) . However, to produce an expression that is valid at m = 0, the determinants must be handled exactly. We will not deal with that here.
VII. STRONG TASTE BREAKING
Earlier we showed how the fermionic SRMT partition function maps onto the staggered chiral Lagrangian for weak taste breaking. There we took the large N limit of the SRMT while scaling the terms a 2 α/β ∼ 1/N . This means that the a 2 V C X terms are kept fixed as N, V → ∞. Now we consider a different limit where the C X are kept fixed so that a 2 α/β stays constant in the large N limit. Here the taste breaking must be included in the saddle point equations when going from the sigma model to the chiral Lagrangian, as mentioned in Appendix A. The inclusion of TB breaks the Goldstone manifold from SU(4) down to U(1). Note that if only C 1 = 0 then the symmetry is not fully broken down to U(1), but since that is not a likely scenario for common staggered actions, we will not consider it further.
The result for the effective chiral Lagrangian in the strong TB regime is
where U ∈ U (1). This has the form of a single fermionic flavor with a modified condensate given by
with a 2D = a 2 VC/N . The factor of 4 is due to the four tastes, and the TB terms serve to decrease the effective condensate.
Note that this result differs from what we would obtain from the large TB limit of the weak TB Lagrangian. That is, if we start with the Lagrangian (4) and take the saddle point in the non-Goldstone modes as a 2 → ∞ (or equivalently keeping the C's fixed as V → ∞), we would get the same form for the effective Lagrangian as in (68) but with a condensate that is simply Σ ′ 0 = 4Σ 0 . This is because in the weak TB limitD would be scaled to zero, while it remains finite in the strong TB limit. Thus, in general, the two limits should be considered distinct even though some observables may exhibit a smooth transition between them. We will explore this transition from weak to strong TB through numerical simulations of the SRMT.
VIII. NUMERICAL RESULTS
Here we present some numerical results obtained from averaging over 10,000 random matrix configurations obtained with N = 400 (and setting α = 1) at both ν = 0 and ν = 1. We varied the value of c = a 2 V C 4 from 0 to 100, and all other TB coefficients were set to zero.
In Fig. 1 we plot the quenched condensate from the SRMT. In the left panel, the taste breaking parameter c is varied between 0 and 0.2. For c = 0 we find the expected agreement with the plotted result from the chiral GUE (chGUE), Eq. (52), for small x. For larger x we see a discrepancy due to the finite N of the SRMT.
As N is increased, the SRMT results will rise to match the chGUE curve. As c is increased, we see some small changes in the quenched condensate for small x, but not for larger x. This is in agreement with our expectations from the expansion (53) since we don't expect it to be valid near x = 0. At c ≈ 0.2 we start to see changes in the condensate at larger x, signaling the end of the weak TB approximation. On the right panel of Fig. 1 , we show the quenched condensate as it leaves the weak TB regime and goes to the strong one. The scaled chGUE results shown are given by (normalized to a single flavor)
with s = Σ ′ 0 /Σ 0 and using Eq. (69). For c > 1 we see very good agreement between the SRMT results and the above formula, until the finite N effects set in at large x.
In Fig. 2 we plot the quenched condensate at ν = 1 in the weak TB regime. The chiral GUE result has an explicit ν/x divergence which is matched by the C 4 = 0 data. As C 4 is increased, the expansion of the condensate gives a TB correction proportional to −ν 2 /x 3 [Eq. (53)]. This corrected GUE result agrees with the data at c = 0.003 for x > 0.5, while at c = 0.01 the agreement is found only for approximately x > 2. For larger c the expansion breaks down. At large c > 1 the ν = 1 quenched condensate enters the strong TB regime and will match the strong TB result of the ν = 0 sector.
As previously mentioned, the chiral condensate is related to the eigenvalue density. Next we will look at the number variance which is related to the two-point eigenvalue correlation function. It is defined as
where · denotes the ensemble average. The function n(n) is the number of eigenvalues between 0 and ℓ in a particular configuration with ℓ chosen such that the interval has on averagen eigenvalues.
In Fig. 3 we plot the number variance for a range of values of C 4 , with all other coefficients set to zero at both ν = 0 and ν = 1 topological charges. At C 4 = 0 the number variance matches that of the chiral GUE (V chGUE n ) [31] , after the appropriate scaling
due to the fourfold degeneracy of the spectrum and the zero modes. Note that at C 4 = 0 there are really 4ν exact zero modes; however, we are considering this to be the limit of C 4 → 0 + , where for small C 4 > 0 the zero modes are split into 2ν positive and negative near-zero modes. This gives a shift of the number variance by 2ν.
As C 4 moves away from zero, we see the number variance drop while retaining the same pattern of oscillations until a 2 V C 4 ≈ 0.3. Here the large oscillations have essentially vanished. Upon increasing C 4 the number variance continues to decrease and a set of smaller oscillations appear that coincide with the result from the one flavor chiral GUE without any scaling.
In Fig. 4 we can see the transition to the strong TB regime from the same data. As C 4 is increased a larger range of the data falls on top of the chiral GUE curve. The point where the data starts to deviate from the chGUE curve is roughly equivalent to the value of a 2 V C 4 . For example for a 2 V C 4 = 10, the number variance agrees with the chGUE result up to aroundn = 10, above which it begins to grow larger than the chGUE curve. This is similar to what one sees around the Thouless energy [24, 25] ; however, in this case it does not signal the breakdown of the RMT, but is instead the signal of the restoration of an explicitly broken symmetry (taste). The behavior is independent of the value of N . If one observed a similar behavior of the number variance in lattice simulations, this could provide an independent estimate of the size of taste breaking. 
IX. SUMMARY AND FUTURE WORK
We have presented a completed chiral random matrix theory for staggered fermions that includes all the taste breaking effects at order a 2 . The SRMT has been shown to be equivalent to the zero-momentum staggered chiral Lagrangian in the appropriate limit. We have also identified a strong taste breaking limit where the SRMT maps onto a one flavor effective Lagrangian.
The quenched condensate and number variance evaluated in the SRMT, clearly show the transition from the weak to the strong taste breaking regime. The number variance is particularly interesting since for strong TB, the TB scale a 2 VC seems to be directly related to the range of agreement to the one flavor chiral GUE result. We now need to test the results of the SRMT against lattice simulations with staggered fermions.
One could also extend the SRMT to include an imaginary quark chemical potential. This can then be used to obtain a measurement of the low energy constant F [32] [33] [34] [35] [36] and could potentially provide more information on the taste breaking. Similarly one could add a real chemical potential and study the effects of taste breaking on the complex eigenvalues [37, 38] . Additionally, one could explore the problems associated with rooting when the quark determinant is complex [39, 40] .
In the absence of taste breaking, the RMT at this point would be
with σ a 4 × 4 complex matrix. In the large N limit, keeping √ αmN fixed (the microscopic limit) one finds the saddle point solution of σ = U/ √ α, where U is a unitary matrix. The partition function expanded around this solution then becomes
Matching to the chiral Lagrangian we get √ α = Σ 0 V /2N . To include the TB terms we must first choose how to scale those terms with N . If we had scaled the matrix ρ to have the same Gaussian weight as σ, then we would get for (A5)
The scaling of the term a α/β determines whether we are in the weak or strong TB regimes. If it is held constant then the term with ρ in the determinant will have a similar magnitude as the term with σ and we must include it in the saddle point equations.
For this strong TB regime, at the saddle point we find, for the term given in (A5), 
The two-trace TB terms do not contribute to the saddle point. The saddle point solution for σ has the form σ = c exp(iξ 5 θ)
for some c. The resulting effective Lagrangian for the strong TB limit of the SRMT is given in (68) with U = exp(iθ). For weak taste breaking we can take a α/β ∼ 1/ √ N . Then the saddle point solution is unchanged by taste breaking and the TB terms can be expanded around the saddle point solution. Then the remaining Gaussian integrals can easily be performed, yielding the set of terms given in Table I .
Appendix B: SRMT
For completeness, we will explicitly write down all the taste breaking terms from the full staggered RMT. The SRMT Dirac matrix is given by the form in Eq. (13) . The taste breaking terms T are given by the sum of the following terms: 
